INTRODUCTION
Consider a geodesic line between two points A and B on the surface of the Earth. Given the position of A, the length of the line and its azimuth at A, we wish to determine the position of B and the azimuth of the line there. This problem occurs so frequently that I undertook to construct tables to simplify the computation. In order to explain the method clearly, I start by deriving the fundamental properties of geodesic lines on a spheroid of revolution. Even though aspects of this derivation may already be well known, the benefit of having the entire development presented together outweighs the cost of repeating it. 
THE CHARACTERISTIC EQUATION FOR A GEODESIC
Take two points A and B on the surface on a spheroid 2 of revolution joined by some specified curve. Consider two neighboring points on the curve with latitudes φ and φ + dφ and longitudes relative to A of w and w + dw (measuring east positive). Let the distance between them be ds, the azimuth of line directed toward A be α (measured clockwise from north), the radius of the circle of latitude be r, and the meridional radius of curvature by R; then we find 3 cos α ds = −R dφ = dr sin φ ,
which gives ds = R 2 dφ 2 + r 2 dw 2 .
If we write p for dφ/dw and U for R 2 p 2 + r 2 , this becomes ds = U dw.
The distance along the curve between the two points A and B is therefore
where the integration is from A to B. If the curve is the geodesic or shortest path, then the relation between φ and w must be such that the integral is a minimum. If we perturb this relation so that φ is replaced by φ + z where z is an arbitrary function of w which vanishes at the end points (because these points lie on both curves), then the perturbed length, where we have explicitly included terms only up to first order in z. For s to be a minimum, we require that for all z. Since this must also hold if z is replaced by −z and since we can take z so small that the first order terms are bigger that the sum of all the higher order terms (except if the first order terms vanish), it follows that the condition that s be minimum is ∂U ∂φ z + ∂U ∂p dz dw dw = 0.
Integrating the second term by parts to give z(∂U /∂p) − z[d(∂U /∂p)/dw] dw and remembering that z vanishes at the end points, we obtain
Since this integral must vanish for arbitrary z, we find
or, multiplying by dφ/dw = p, ∂U ∂φ dφ dw + ∂U ∂p dp dw − dp dw
which on integrating with respect to w becomes U − p dU dp = const.
Substituting r 2 + R 2 p 2 for U , we obtain 6 r 1 + (R 2 /r 2 )p 2 = −r sin α = const., which is the well known characteristic equation of the geodesic.
If the azimuth of the geodesic at A (in the direction of B) is α ′ and the distance of A from the rotation axis is r ′ , we have
THE AUXILIARY SPHERE
Let the maximum distance of the spheroid to the rotation axis be a, so that r and r ′ are less than or equal to a; we can then write 7 r ′ = a cos u ′ , r = a cos u, 5 This is the Euler-Lagrange equation of the calculus of variations. 6 A. C. Clairaut gives a geometric derivation of this result in Mém. de l'Acad. Roy. des Sciences de Paris 1733 Paris , 406-416 (1735 . The equation also follows from conservation of angular momentum for a mass sliding without friction on a spheroid of revolution. 7 The quantity u is the reduced or parametric latitude. Figure 1 Spherical triangles on the auxiliary sphere. EAB is the geodesic, N is the pole; EF G is the equator; and NE, NAF , and NBG are meridians.
and equation (2) becomes
This equation relates two sides of a spherical triangle, 8 90
• − u ′ and 90
• − u, and their opposite angles, 360
• − α and α ′ . The third side σ and its opposite angle ω will appear in the following calculations giving elegant expressions for the joint variations of s, u and w. In particular, using the well known differential formulas of spherical trigonometry, we find 9 du = − cos α dσ, cos u dω = − sin α dσ.
Substituting these in equations (1) and expressing r in terms of u gives
THE EQUATIONS FOR A GEODESIC ON AN ELLIPSOID
I now assume that the meridian is an ellipse with equatorial radius a, polar semi-axis b, and eccentricity e = √ a 2 − b 2 /a. 10 The equation for an ellipse expressed in terms 8 See the triangle ABN on the "auxiliary sphere" in Fig. 1 ; Equation (3) is the sine rule applied to angles A and B of the triangle. 9 Here and in the rest of the paper, the differentials give the movement of point B along the geodesic defined with point A and α ′ held fixed. 10 In Bessel's time, it was known that the earth could be approximated by an oblate ellipsoid, a > b, but the eccentricity had not been determined accurately. Therefore, Bessel computes tables which are applicable to ellipsoids with a range of eccentricities.
of cartesian coordinates is x 2 a 2 + y 2 b 2 = 1. Differentiating this and setting dy/dx = − cot φ, we obtain x sin φ a 2 − y cos φ b 2 = 0; eliminating y between these equations then gives
The quantity x is the same as r = a cos u, which gives the relationships between φ and u,
and sin u sin φ = 1 − e 2 cos 2 u.
Substituting this into (4), we obtain the differential equations for a geodesic on an ellipsoid ds = a 1 − e 2 cos 2 u dσ, dw = 1 − e 2 cos 2 u dω.
THE DISTANCE INTEGRAL
To integrate the first of these differential equations, I use the three relations between u ′ , u, α ′ , α and σ,
It is convenient to write these in terms of the auxiliary angles m and M defined by
11 Referring to Fig. 1 , consider two central cartesian coordinate systems with the xy plane containing the geodesic EAB, and either A or B lying on the x axis. Equations (6) give the transformation between the coordinates of N in the two systems, [sin u ′ , cos u ′ cos α ′ , cos u ′ sin α ′ ] and [sin u, − cos u cos α, − cos u sin α], namely a rotation by σ about the z axis. 12 The auxiliary angles m and M are an angle and a side of the spherical triangle EAN shown in Fig. 1 . Equations (7) are the sine rule on angles E and F of triangle AEF , the cosine rule on angle F of triangle AEF , and the sine rule on angles A and E of triangle AN E.
Equations (6) 
where
This differential equation may be integrated in terms of the elliptic integrals introduced by Legendre. 14 Because the tools to compute these special functions are not yet sufficiently versatile, we instead develop a series solution which converges rapidly because e 2 is so small. We readily achieve this by decomposing the term under the square root into two complex factors, namely
Expanding the two factors in the radicals in infinite series and multiplying the results gives
13 These are analogs of Eqs. (7) with meridian NAF replaced by NBG. 14 A. M. Legendre, Exercices du calcul intégral, Vol. 1 (Courcier, 1811). 15 The notation has been simplified here compared to Bessel's original formulation in which k and ǫ are expressed in terms of E through k = tan E and ǫ = tan 2 1 2 E. By using ǫ as the expansion parameter and by dividing out the factor 1 − ǫ, Bessel has ensured that the terms that he is expanding are invariant under the transformation ǫ → −ǫ, M +σ → π/2−(M +σ). This symmetry causes half the terms in the expansions in ǫ to vanish. 16 The use of complex exponentials facilitates the series expansions by avoiding the need to employ awkward trigonometric identities. If we write
then the coefficient of cos 2l(M + σ) ǫ l+2j is a 2 j for l = 0 and 2a j a j+l for l > 0.
where A, B, C, . . . are given by
Integrating the equation for ds starting at σ = 0, we obtain
SOLVING THE DISTANCE EQUATION
The series (10) gives the distance s between A and B in terms of u ′ , α ′ , and σ; if, however, s and α ′ have been measured and u ′ is known from the latitude at A, then σ is obtained by solving (10). The latitude of B and the azimuth of the geodesic there are found from (8). Equation (10) can be solved either by reverting the series or by successive approximation-the latter way is however the simplest if the tables I have compiled are used.
I write
etc.
17 The units for σ, α, β, . . . are arc seconds. Bessel here adopts a conflicting notation for the coefficient α which should not be confused with the azimuth.
The tables give the logarithms 18 of α, β, and γ as a function of the argument
By this choice, the variation of log β and log γ are very close to two and four times that of the argument, which simplifies interpolation into the table.
1 128 ), the approximation never needs to be carried further in order to keep the errors in σ under 0.001 ′′ . The term involving δ does not exceed 0.0005 ′′ at this value of the argument.
ACCURACY OF THE TABLES
The values of log α in the table are given to 8 decimal places. An error of half a unit in the last place results in an error of only 0.0005 ′′ or 0.008 toise over a distance corresponding to σ = 12
• 4 ′ or 700 000 toises. 20 Similarly, I retain only sufficient digits in the tabulation of log β to ensure that the error in this term is less than 0.0005 ′′ ; for this purpose, I use 6 digits at the end of the table and fewer digits for smaller values of the argument. The third term never exceeds 0.17 ′′ , even at the end of the table; therefore I include only 3 decimal places for log γ. Thus the errors are 0.001 ′′ for distances up to 700 000 toises; even if the distance is of the order of a quarter meridian (i.e., σ = 90
• ), the error is less than 0.01 ′′ .
AN EXAMPLE
In order to illustrate the use of the tables, I consider the results from the great survey by von Müffling. 21 Relative to 18 In this paper, log x denotes the common logarithm (base 10) and we use colog x = log(1/x). The tables in the original paper contained a number of errors of one unit in the last place. These errors do not, for the most part, affect the results obtained from the tables when rounded to 0.001 ′′ . In addition, there were systematic errors in the tabulated values of log β equivalent to a relative error of order ǫ 2 in β which result in discrepancies from 1 to 17 units in the last place on the final page (the 6-figure portion) of the tables. In calculations involving logarithms, a bar over a numeral indicates that that numeral should be negated, e.g., log 0.02 ≈2.3 = (−2) + 0.3. In the original paper, logarithms are written modulo 10, e.g., log 0.02 ≈ 8.3. The notation "(−)" in these calculations indicates that the quantity whose logarithm is being taken is negative. 19 The columns headed ∆ give the first differences of the immediately preceding columns and aid in interpolating the data. Bessel would have used a Adopting this as the first approximation to the value of σ, we obtain the second by adding the first term in the series (11) In this example, I carried out the trigonometric calculations to 8 decimals; however the tables of log α, log β, and log γ in fact allow α and φ to be determined slightly more accurately than this. If only standard 7-figure logarithm tables are available, the last digits in the tabulated values of log α, log β, and log γ may be neglected.
THE LONGITUDE INTEGRAL
We turn now to the determination of the longitude difference w by integrating (5), dw = 1 − e 2 cos 2 u dω.
This integral contains two separate constants m and e, which cannot be combined. Thus it not possible to construct tables to allow a rigorous solution of this problem which are valid for arbitrary e.
26 However, we can achieve our goal by sacrificing strict rigor and by making an approximation which results in errors which are inconsequential in our application.
We start by writing
and substitute in the second term
On integrating, we obtain
Let us write
in other words, we set 26 As a practical matter, it would have been impossible for Bessel to provide a complete tabulation of a function of two parameters. He could have tabulated the function for a fixed value of e, which would greatly reduced the utility of his method, especially given the uncertainties in the measurements of e. Instead, Bessel manipulates the expression for dw to move the dependence on the second parameter into a small term that may be neglected.
From this, we see that neglecting y results in an error of order e 8 or an error in w of 1 384 e 8 σ. This would not be discernible even in the calculation of long geodesics to 10 decimal places. 27 Thus, for the present purposes, we may take y ≈ 0 enabling us to tabulate the integral in a way that is valid for all e.
SERIES EXPANSION FOR LONGITUDE
Introducing this approximation, we have If we set
we can express the integral in the second term as
Following the same procedure used in expanding the integral for ds in Sec. 5, we introduce ǫ ′ defined by
and separate the integrand into two complex factors,
If we expand these in infinite series, the product becomes , the error in the longitude difference over a distance equivalent to a quarter meridian, i.e., 10 000 km, is less than 0.000 05 ′′ . 28 Bessel gives the relationship between k ′ and ǫ ′ in terms of E ′ , where k ′ = tan E ′ and ǫ ′ = tan 2 1 2 E ′ . 29 There are a series of errors in the original paper leading up to (12). Here we assume that the original Eq. (12) defines α ′ , β ′ , γ ′ , . . . , which makes this equation analogous to (11), and correct the preceding equations to be consistent.
etc.
Integrating from σ = 0 then gives
COMPUTING THE LONGITUDE DIFFERENCE
The first two coefficients of this series are given in the 4th and 5th columns of the tables 31 as functions of the argument log k ′ = log √ The convergence is commensurate with the 3 first columns of the tables. We calculate ω using one of the formulas for spherical triangles (Sec. 3), either x 2 + 1·4·7 3·6·9
x 3 + 1·4·7·10 3·6·9·12
x 4 + . . . 31 The value of β ′ in the tables includes the factor of 648 000/π necessary to convert from radians to arc seconds. 32 The first two relations are the sine rule for angle N of triangle ABN of Fig. 1 . The last relation is obtained, for example, by substituting for sin α ′ from (7). 33 These are Napier's analogies for angle N of triangle ABN . and evaluate w by means of the tables.
I will continue with the example in Sec. 8 and calculate the longitude difference between Dunkirk and Seeberg using this prescription. Solving the spherical triangle for ω gives log sin σ =2. The sum of both terms is +38.700 ′′ , and adding this to ω, we find the longitude difference,
CONCLUSION
This illustration of the use of these tables shows that the accuracy of the calculation is limited not by the neglect of terms of high order in the eccentricity, but by the number of decimal places included (i.e., the truncation error is smaller than the round-off error). The steps in the calculation are, for the most part, the same as for a spherical earth; in order to account for the earth's ellipticity one needs, in addition, only to solve equation (11) and to evaluate the series (12). Since this approach is sufficiently convenient even for routine use, it is unnecessary to use an approximate method which is valid only for small distances.
(The tables are shown on the following pages.) TABLES for computing geodesics 1. 
